Abstract: Het ero-fullerenes are fullerenes i n which some of the carbon ato ms are replaced by other ato ms. This paper u ses the Póly a theore m to count th e number of their possibl e positional isomers and chiral iso mers. To do this, the computer algebra system GAP was applied to compute this number for a class of IPR hetero-f ullerenes with I h point group sy mmetry. These fullerenes we re constructed by means of the leapfrog principle.
INTRODUCTION
Carbon exists in several forms in nature. One is the so-called fullerenes, which were discovered for the first time in 1985. 1 Fullerenes are carbon-cage molecules in which a large number of carbon atoms are bonded in a nearly spherically symmetric configuration. Let p, h, n and m be the nu mber of pent agons, hexag ons, carbon atoms and bonds between them, respectively, in a given fullerene F. Since each ato m li es in exa ctly 3 face s and each edge li es in 2 fac es, the num ber of atoms n = (5 p + 6 h)/3, th e num ber of edges m = (5 p + 6 h)/2 = 3 n/2 and t he number of faces f = p + h. By the Euler formula, n − m + f = 2, it can be deduced that (5p + 6h)/3 -(5p + 6h)/2 + p + h = 2 and, t herefore, p = 12, v = 2h + 20 and e = 3h + 30. This implies that such molecules made up entirely of n carbon atoms and having 12 pentagonal and (n/2 − 10) hexagonal f aces, where n ≠ 22, is a natural number equal or greater than 20. 2 Hetero-fullerenes are fullerene molecules in which one or more carbon atom s are replaced by hetero-atoms, such as boron or nitrogen, the formation of which is a kind of "on-ball" doping of the fullerene cage.
Detecting symmet ry of molecules is a well-studied problem wit h applications in a large number of areas. Randic, 3, 4 and then Balasubramanian, 5-11 considered the Euclidean matrix of a che mical graph to find its sy mmetry. Here t he Euclidean matrix of a molecular graph G is a matrix D(G) = [d ij ], where for i ≠ j,
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ASHRAFI and GHORBANI d ij is the Euc lidean distance between t he nuclei i and j. In this m atrix, d ii can be taken as zero if all the nuclei are equival ent. Otherwise, different weights for different nuclei may be introduced.
Suppose σ is a perm utation on n atoms of the molecule under consideration. Then the perm utation matrix P σ is defined as P σ = [x ij ], where x ij = 1 if i = σ(j) and 0 otherwise. It is easy to see that P σ P τ = P στ , for any two permutations σ and τ on n objects, and hence the set of all n×n permutation matrices is a group isomorphic to the sy mmetric group S n on n symbols. It is a well-known fact that a permutation σ of the verti ces of a graph G belongs to its auto morphism group if it satisfies P σ t AP σ = A, where A is t he adjacency matrix of G. Thus, for computing the s ymmetry of a molecule, it is sufficient to solve the matrix equation P t EP = E, where E is the Euclidean matrix of the molecule under consideration and P varies on the set of all permutation matrices with the same dimension as E.
A method 12, 13 has been described on how to construct a fullerene C 3n from a fullerene C n having t he same or even a bigger s ymmetry group as C n . This method is called the Leapfrog principle. If one starts with a C n cluster with icosahedral symmetry, all the new clusters will be of the same symmetry, since this i s the biggest symmetry group in 3-dimen sional space. In the first step, an extra v ertex has to be put into the centre of each face of C n . Then, these new vertices have to be connected with all th e vertices surrounding the corresponding face. Then, the dual polyhedron is again a fullerene having 3 n vertices, 12 pentagonal and (3n/2) --10 hexagonal faces. Knowing the 3-dimensional cycle index of S(C n ) acting on the sets of vertices, edges and faces, it is very easy to compute the cycle index for the induced action of S(C n ) on the set o f vertices of C 3n . One just has to identify the vertices of C n with the n new hexagonal faces of C 3n . 14 
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Balasubramanian 11 has re alized a lot o f work o n methods for isomer counting of hetero-fullerenes and of pol y-substituted full erenes, especially, using t he generalized character cycle index. Mathematically the isomer counting of poly-substituted fullerene is essenti ally the sam e as that of hetero-fullerene. Shao and Jiang 15 discussed hy drogenated C 60 . Furthermore, Zhang 16 also studied fullerene cages. In this paper, the com pute nu mber of hetero-fullerenes, 20 3 C × n , is co mputed.
MAIN RESULT AND DISCUSSION
Groups are often used to describe symmetries of objects. This is formalized by the notion of a group action. Let G be a group and X a non-empty set. An action of G on X is denoted by G X and X is called a G-set. It induces a group homomorphism ϕ from G into the sy mmetric group S X on X, where ϕ(g)x = gx for al l x∈X. The orbit of x will b e denoted by Gx, which defines as a set all ϕ(g)x, g∈G.
The set of al l G-orbits will be denoted by G\\X: = {Gx | x∈X}. Suppose g is a permutation of n symbols with exactly λ 1 orbits of size 1, λ 2 orbits of size 2,…, and λ n orbits of size n. Then the cycle type of g is defined as 
where χ(g) is the linear character of the irreducible r epresentation of G. I n t his paper, two special cases are used: one is the anti-symmetric representation, that is:
1 if is a proper rotation, ( ) 1 f is an improper rotation,
and the other when χ is 1 for all g. Since, all ele ments of a conjugacy class of a permutation group have th e same cycle type, the cycle index and the generalized character cycle index can be rephrased in the following way: Theorem 17 ) . If G is a subgroup of S m , the sy mmetry group on m symbols, then the pattern inventory for the orbits of the C m,n modula Ĝ is: . To enum erate all possibili ties of the he tero-fullerene structures, one has to consider the rotation group of the fullerene, and its whole automorphism group to enumerate the nu mber of chiral isomers. Fripertinger 18 computed the sy mmetry of so me fullerenes and t hen applied Sy mmetrica 19 to cal culate the nu mber of C 60 H k Cl 60-k m olecules and Balasubra manian co mputed the number of C 60 H 36 isomers F. Z hang et al. 16 used the Pó lya counti ng theorem for calculating th e possibilities of different positional isomers. He also applied the generalization of the Pólya theorem to compute the number of chiral isomers.
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Now is the time to enumerate the number of hetero-fullerenes in a series of fullerenes constructed by leapfrog. From the above discussion, the problem is reduced to the coloring of t he corresponding fulleren e graph with 3 n ×20 vertices.
Consider the molecular graph of the fullerene 20 3 C × n , Fig. 2 . From the leapfrog principle, it can be seen that the sy mmetry group G of these fullerenes is isom orphic to the group Thus the cycle index of G is computed as: However, from the cycle indices, the num ber of possible positional iso mers, the num ber of chiral isom ers and the num ber of orbits under the whole poin t 366 ASHRAFI and GHORBANI group I h can be computed. For the number of orbits under the whole point group I h , it should simply be noted that:
In what follows, a GAP program i s prepared to co mpute the num ber of hetero-fullerenes for 20 3 C × n . It sh ould be m entioned here that the present co mputations of the symmetry properties and cycle indices of the fullerenes were realized with the use of GAP. 20 This software was constructed by the GAP team in Aachen. In Table I , this program is applied to compute the number of hetero-fullerenes for the case of n = 1. Хетеро-фулерени су фулерени у којима су неки угљеникови атоми замењени другим атомима. У раду jе примењeнa Појина (Póly a) теорема за пребројавање могућих како пози-ционих тако и хиралних изомера. Да би се то постигло, коришћена је компјутерска алгебра система GAP и он примењен за одређивање броја изомера за једну класу хетеро-фулерена са изолованим пентагонима (IPR), чије су групе симетрије I h . Ови фулерени су конструисани применом "липфрог" методе. 
